The time-dependent motion of fluid in a circular tank with a radial barrier as a result of an increase in angular velocity of the tank is investigated. The length of the barrier is considered as the main experimental parameter. The flow field immediately after the increase in angular velocity is calculated analytically. Experiments have been performed with a tank placed on a rotating table.
I. INTRODUCTION
During the last decades, the spin-up of a homogeneous fluid to a final state of solid-body rotation with angular velocity ⍀ due to an increase ⌬⍀ in the angular velocity of its container has received considerable attention. Most studies on this subject concerned the flow in a circular tank ͑Greenspan and Howard, 1 Wedemeyer, 2 Weidman, 3 Hyun, 4 Van de Konijnenberg and Van Heijst 5 ͒. In a circular geometry, the flow remains approximately azimuthal, and slowly gains a higher angular velocity by a secondary flow driven by the Ekman layers at the bottom and the lid of the fluid. Van Heijst 6 first studied spin-up in cylindrical geometries with non-circular cross section, such as a semi-circle and a circle with a radial barrier. This article was followed by a number of publications on spin-up in a number of noncircular geometries, most of them rectangular ͑Van Heijst, Davies and Davis, 7 Van Heijst, Maas and Williams, 8 Suh, 9 Van de Konijnenberg 10 ͒. It appeared that in almost all noncircular cylinders, the spin-up flow can be divided into a number of stages:
͑1͒ Initial stage, characterized by a uniform relative vorticity and a shear layer at the boundaries. ͑2͒ Separation stage; detachment from the sidewalls and formation of vortices. ͑3͒ Organization stage; formation of a quasi-steady cellular pattern that fills the entire flow domain. ͑4͒ Decay stage; the quasi-steady vortex pattern slowly spins up due to Ekman pumping.
The organization into a quasi-steady streamline pattern is highly sensitive to experimental parameters such as the shape of the geometry and the angular velocity. Geometries that can accommodate a small number of equally-sized vortices, such as a rectangular tank with aspect ratio 3:1, favour the formation of a quasi-steady vortex pattern. The selforganization phenomena in spin-up experiments are related to the two-dimensional nature of rotating flows. Spin-up flows are approximately horizontal and independent of the vertical coordinate, and therefore show a similar behaviour as flows in, e.g., soap films and in a stratified environment.
However, the presence of Ekman layers leads to differences with purely two-dimensional flows, in particular in late stages of the spin-up process.
The present paper deals with the spin-up of a freesurface fluid in a circular tank with a barrier partially along its diameter. The length of the barrier is the main parameter of this study. In view of the otherwise cumbersome formulae in this paper, this length is represented by the coordinates of the end point. Both a polar coordinate system (r,) and a Cartesian coordinate system (x,y) are used, with the centre of the circular section as the origin. The radius of the circular part of the boundary is denoted by a, the end point of the radial barrier is denoted in Cartesian coordinates by ( pa,0) ͑see the configuration on the left side in Fig. 1͒ . Thus, the dimensionless parameter p may vary between Ϫ1 ͑yielding a partition of the domain into two semi-circular regions͒ and 1 ͑a purely circular geometry͒. This choice of domain shape is motivated as follows. First, one can investigate in this way whether the properties of the flow observed in a rectangular tank ͓such as self-organization, evolution of ()-profiles͔ also appear in a totally different geometry. Second, in this geometry the flow separates from the end of the barrier. The fact that the separation point is well-defined makes it possible to use simple models for vortex shedding. Third, by taking a short barrier one obtains a geometry resembling a circular tank. Thus, one can study the response to the spin-up in a circular geometry to a small perturbation in the shape of the domain.
Some of these flows have been studied earlier: experimental results on the flow in a geometry with a barrier length equal to the radius of the tank ( pϭ0) were published by Van Heijst, 6 and experimental and numerical results on the flow on a semi-circular domain (pϭϪ1) were published by Van Heijst 6 and Andersson, Billdal and Van Heijst. 11 The experimental results in those papers consist of qualitative images of particle trajectories. In this paper, quantitative data on the experimental velocity field are presented and the previous results are extended to intermediate barrier lengths.
In section III, analytical results for the starting flow as a function of p are presented. Experimental results for spin-up from rest for three values of p are given in section IV. All three experiments concern the spin-up from 0 to 0.24 rad/s in a tank with radius aϭ46.1 cm, filled with water to a depth H of 20 cm. Thus, the theoretical 1 spin-up time scale H/ͱ⍀ is approximately 408 s. The experiments show that immediately after the angular velocity is increased, a cyclonic vortex is formed at the end of the barrier. In section V, a simple analytical model for the trajectory and circulation of this cyclonic vortex is derived, and compared with measurements of the vortex trajectory from dye visualizations.
II. EXPERIMENTAL SET-UP
The spin-up experiments were performed by using a tank filled with tap water, placed on a rotating table. At tϭ0, the angular velocity of the table was suddenly increased from ⍀Ϫ⌬⍀ to ⍀, and was thereafter kept at this value during the experiment. It was verified that fluctuations in the final angular velocity are very small compared with the final angular velocity used in the experiments.
Quantitative results were obtained with small tracer particles floating at the surface of the fluid. Dye was added to the water in order to increase the contrast between the fluid and the particles. First, a video recording of the flow was made with a video camera corotating with the tank. Then, after the experiment, the recording was processed by a PC equipped with a frame grabber. For this purpose, an adapted version of the DigImage system developed by Dalziel 12 was used. This is an image processing system that allows the tracking of particles based on a number of user-defined criteria such as brightness and size. Further processing of the particle trajectory data was enabled by an extension to the DigImage software developed by Van der Plas. 13 This option provides the possibility to extract data files containing the particle velocities from the data file created by the particle tracking routine. The vorticity was obtained by matching the data with spline functions and manipulating the coefficients of this expansion. The stream function was calculated from the vorticity by using a Poisson solver. In this way the stream function of the solenoidal component of the velocity field is calculated, which is more elegant than applying integration techniques if the flow is not exactly divergence free.
In addition to the experiments with particles, experiments were performed with a small amount of dye added to the otherwise clear tap water. In this way, a qualitative impression of the flow field could be obtained. In every experiment described in this paper, the flow was seen to become turbulent shortly after the increase in angular velocity of the tank. However, the flow always laminarized early in the experiment. By adding dye at different stages, it was verified that the flow remained approximately two-dimensional after the flow had become laminar.
III. STARTING FLOW
The flow immediately after the impulsive increase in angular velocity is characterized by a uniform vorticity Ϫ2⍀ in a system corotating with the tank. Since the vorticity is related to the stream function by ϭϪٌ 2 , ͑1͒
this leads to a Poisson equation for the stream function of the flow relative to the rotating tank:
Because of the zero normal flow condition, the sidewall boundary coincides with a streamline, the stream function of which is taken to be zero. In this section we present analytical solutions of ͑2͒. For pϭϪ1 and pϭ0, the solutions are simpler than for arbitrary values for p, and have been described before by Van Heijst, 5 albeit in a slightly different way. In view of its further use in this paper, the solution for pϭ0 is derived here; the solution for pϭϪ1 is presented without proof. For pϭ1 the barrier vanishes, yielding a purely circular geometry with a trivial solution for the stream function. The problem for arbitrary barrier length can also be treated analytically to a certain extent, but leads to a difficult integral expression for the expansion coefficients appearing in the series solution. Moreover, the solution is obtained in transformed coordinates with the barrier ending in the center of the tank. The integral expression and the transformation to the original geometry have been calculated numerically.
A. p‫0؍‬
For pϭ0, the barrier reaches to the center of the tank. The problem for is stated in polar coordinates by
with ϭ0 at all parts of the boundary. The problem is solved by splitting the solution in a particular solution and a homogeneous solution:
͑r,͒ϭ part ͑ r, ͒ϩ hom ͑ r, ͒, ͑4͒
with part taking away the inhomogeneous right-hand side of ͑3͒, and hom the solution of the resulting Laplace equation for Ϫ part . Since part is taken to be non-zero on a part of the boundary, the problem for hom has Dirichlet boundary conditions. A convenient particular solution of ͑3͒ is part ϭ⌬⍀r 2 sin 2 . ͑5͒
This solution vanishes at the barrier, and is equal to ⌬⍀a 2 sin 2 at the circular part of the boundary. Thus, the problem for hom becomes Van de Konijnenberg, Wessels, and Van Heijst
with hom (r,0)ϭ hom (r,2)ϭ0, and hom (a,)ϭϪ⌬⍀a 2 ϫsin 2 . This equation is easily solved by separation of variables. Taking into account the boundary conditions for and the constraint that has to be zero at rϭ0, one finds that
so that at rϭa,
Application of the Fourier expansion of sin 2 on the interval ͓0,2͔ given by
yields the coefficients A n , so that
where rЈ ϭ r/a. The expression is an attractive representation of the solution, since the series converges rapidly, and can be easily evaluated on a computer; moreover, the explicit appearance of powers of rЈ may be used to obtain a lowest order solution in the vicinity of rϭ0. However, in this case the series can also be summed analytically. By introducing the complex variable zЈ ϭ rЈ exp i, ͑10͒ can be written as
͑11͒
The term of the series expression can be written as a sum of partial fractions, which can be summed by a straightforward procedure: 
͑13͒
The stream function according to ͑10͒ or ͑13͒ is presented in Fig. 2d .
B. p‫1؊؍‬
In this case the barrier divides the flow into two equivalent parts. The solution in the upper half of the domain can be found with the same method used for pϭ0. The result is
The flow in the lower half of the domain is found after a rotation over rad around rϭ0. The series can be summed using a similar procedure as for pϭ0, leading to
͑15͒
The stream function according to this solution is presented graphically in Fig. 2a .
C. p‫1؍‬
In this case the radial barrier is absent, and the solution consists simply of a solid-body rotation with angular velocity Ϫ⌬⍀, and stream function 
D. ؊1<p<1
The problem in the geometry with the sharp edge at (pa,0) can be solved by using a conformal mapping to the geometry with the edge in the center. First, we take the particular solution, part ϭ⌬⍀y 2 ϭ⌬⍀r 2 sin 2 , ͑17͒
so that for the homogeneous solution
with hom ϭ0, for pϽx/aϽ1 ٙ yϭ0, ͑19͒ and hom ϭϪ⌬⍀a 2 sin 2 , for r/aϭ1. ͑20͒
Since the homogeneous solution is a harmonic function, a conformal mapping may be used to transform the problem to the geometry with the barrier ending in the origin. The original geometry is described in the complex z-plane with zϭxϩiy, the transformed problem is described in the complex w-plane with wϭuϩiv, where u, v and w are dimensionless quantities; the radius of the circular part of the boundary in the w-plane is taken to be equal to one. This situation is illustrated in Fig. 1 . The conformal mapping w(z) is readily found as a Möbius transformation. By demanding that the vertices in the w-plane be mapped to the corresponding vertices in the z-plane, this mapping is fully determined, and is given by
with inverse
The condition for a point (u,v) at the boundary in the complex w-plane is found by the inverse transformation to the corresponding point in the z-plane, of which the value of the stream function is known to be ⌬⍀y 2 . Written in Cartesian coordinates it follows from ͑22͒ that
For u 2 ϩv 2 ϭ1 this becomes
where is the azimuthal angle in the w-plane; the radial position in the w-plane will be denoted by . The boundary condition at ϭ1 is given by
As in the problem with pϭ0, the homogeneous solution in the w-plane can be written as a series in sin(nϩ 1 2 ) and powers of :
In this equation, negative powers of have been omitted since they violate the condition of vanishing stream function at the edge. The coefficients A n are found by expanding the value of at ϭ1 to sin(nϩ 1 2 ). This leads to an integral expression for A n , given by 
͑31͒
with s the length of a line element of the boundary, and n the normal of the boundary curve. For flows with zero normal velocity at all parts of the boundary, this integral vanishes identically. In the second term on the right-hand side of ͑30͒, ٌ 2 can be replaced by Ϫ, so the expression for T becomes
͑32͒
For the starting flow with uniform vorticity Ϫ2⌬⍀ this becomes TϭϪ⌬⍀ ͵ dA.
͑33͒
One can see from ͑33͒ that the energy of the starting flow on a bounded domain is always finite. Since the velocity at the end of a barrier is singular, this is not immediately clear from ͑29͒. However, the same conclusion would be drawn from an integration of u•u over a neighborhood of the end of the barrier. The integral expression given by ͑33͒ has been evaluated numerically for a number of values for p; the results are presented in Fig. 3 . The data show that the kinetic energy decreases when the length of the barrier is increased. This leads to the conception that a division of the domain into smaller parts leads to lower relative velocities, and therefore to a lower energy.
IV. EXPERIMENTAL RESULTS

A. p‫87.0؍‬
The results of this experiment are presented in Fig. 4 . The streamlines at tϭ0 show a close resemblance to the theoretical solution in Fig. 2e ( pϭ0.7) ; the flow is still approximately circular, with a small disturbance near the barrier. Shortly after the start of the experiment, a small cyclonic vortex is shed from the barrier; this is clearly visible in the results for tϭ2 s. However, this vortex is weak, and quickly disappears in the turbulent band of positive vorticity at the sidewall of the tank. From tϭ240 s, the flow appears as a single cell, shifted slightly to the left to avoid the part of the tank that is 'shielded' by the barrier.
The graphs of versus provide information of the structure of the main anticyclonic vortex that is difficult to perceive from the stream function and vorticity contours only. First, the scatter in the ()-profiles is a measure of the instationarity of the flow. The observation that in this experiment, the data points in the ,-plane are lying on an increasingly well-defined curve indicates that the flow gradually becomes steadier. Second, the shape of the ()-profiles indicates details of the spin-up mechanism. For instance, the shrinking of the part of the domain where the vorticity has kept its initial value Ϫ2⍀ and the transition of the upward curvature at 240 s to the downward curvature at 960 s are features that are connected with a weak radial flow driven by the Ekman layers. This secondary flow leads to the stretching and radial advection of vortex tubes, which generally is the main cause of the actual spin-up of the fluid. This issue is discussed further by Van de Konijnenberg and Van Heijst. 5 The effect of the radial barrier with respect to the flow in a circular tank can be summarized as follows. First, the barrier appears to shield a part of the domain, causing a shift in the position of the anticyclonic cell. Second, the separation from the barrier leads to a stronger and more persistent turbulence than in comparable experiments in a circular tank without a barrier. 5, 10 Thus, the vorticity profile in the outer part of the tank is more strongly smoothed, and the spin-up occurs slightly faster than without the barrier.
B. p‫0؍‬
The experimental results for pϭ0 are presented in Fig.  5 . This experiment can be considered as the standard experiment with a radial barrier, since for pϭ0 the geometry is compatible with the use of cylindrical coordinates, and it shows the typical separation from the sharp edge, with the formation of a strong cyclonic vortex at the downstream end of the barrier. This separation occurs so quickly that it is difficult to obtain experimental data from the unseparated Between tϭ0 and tϭ30 s, the cyclonic vortex grows in size and strength, and divides the initial anticyclonic region into two separate cells. The resulting pattern is then transformed into a four-cell structure ͑see Fig. 5 at tϭ240 s͒, which remains more of less stationary afterwards. The ()-graph at tϭ30 s shows a strongly nonlinear branch corresponding to the cyclonic vortex that is shed from the radial barrier. This indicates that the cyclonic vorticity is concentrated in the center of the vortex, whereas the vorticity in the outer parts of this vortex is distributed more smoothly. This may be connected with the occurrence of turbulence in ⌬⍀/ and Rossby number ⌬⍀/⍀ are sufficiently high, the shear layer that separates from the end of the barrier is unstable, and becomes turbulent. This turbulence will lead to a strong mixing, and therefore to a homogenization of the vorticity in the outer layer of the cyclonic vortex. It seems likely that this is the reason why the branch in the ()-graph at tϭ30 s corresponding to the cyclonic vortex is almost horizontal in the interval 0.06Ͻ/⍀a 2 Ͻ0.16. In later stages this turbulence disappears, and the evolution of the vorticity profile is determined mainly by Ekman pumping. The nonlinearity of this mechanism will lead to a fast decay of strongly positive vorticity, so that the ()-profile gradually loses its strong curvature.
C. p‫03.0؊؍‬
This experiment, the results of which are presented in 6 , exhibits some of the properties of the geometry withthe radial barrier extending to the other side of the tank (pϭϪ1). As predicted in section III, the stream function of the starting flow has two minima. Immediately after tϭ0, the flow separates from the end of the barrier, but the cyclonic cell does not become as strong as in the corresponding experiment with pϭ0. This may be caused by the flow around the barrier being weaker ͑see Fig. 8͒ , and the cyclonic vortex becoming pinched between the end of the barrier and the circular part of the boundary. At the right side of the tank, the flow separates from the circular part of the boundary, leading to cyclonic vortices ͑see Fig. 6 at tϭ30 s͒. The flow then goes through a stage of complicated vortex interactions, ultimately leading to a pattern of six counterrotating vortices ͑see Fig. 6 at tϭ120 s͒. This pattern is not quite steady; small vortices are being formed continuously at the end of the barrier. These vortices interfere with the existing vortex pattern in the tank, and may disturb the streamline pattern. However, the qualitative appearance of the flow remains comparable with the flow at 120 s at all later times.
V. VORTEX SHEDDING FROM THE BARRIER
In section IV it was seen that the early phase of the experiments with a radial barrier is characterized by the shedding of a cyclonic vortex from the end of the barrier. In this section, an adapted version of a point-vortex model for vortex shedding by Brown and Michael 14 and Rott 15 is described and compared with the experimental results. Since the cyclonic vortex is very small in the beginning of the experiment, it is difficult to obtain accurate quantitative data by tracking particles. However, the position of the center of the vortex can be tracked easily with a dye visualization. Data obtained with this method have been used to validate the analytical model.
A. Theoretical considerations
The stream function of the starting flow is given by ͑r,͒ϭ⌬⍀r 2 sin 2
͑34͒
In the vicinity of the sharp edge, the leading term is The shed vortex is represented by a potential vortex at position z 0 with circulation ⌫ and complex velocity potential
͑39͒
The z-plane with a branch cut along the real positive axis can be transformed to the complex -plane with Im Ͼ0 by the conformal mapping
Through this conformal mapping, the flow around the semiinfinite plate is transformed into a uniform flow in the -plane, and the potential vortex is transformed into a vortex with circulation ⌫ in 0 ϭͱz 0 /a. The complex velocity potential ⌽ in the -plane consists of a uniform flow resulting from ͑38͒, plus the flow due to a potential vortex at 0 and its image vortex in 0 :
͑41͒
In the z-plane this becomes
͑42͒
In this equation, ͱz 0 /a should be interpreted as the scaled position of the transformed image in 0 . Since all regular points in the z-plane are transformed to the upper half plane of the -plane, this can only be achieved by a doubling of the z-plane to 0рр4; in this way every point in the -plane has its unique image in the z-plane. An expression for ⌫ is found by imposing the Kutta condition, which implies that the velocity is zero in ϭ0 or, consequently, that the velocity is finite in zϭ0. In the z-plane, the velocity field is given by
where the prime denotes a division by a. The singularity in zϭ0 is removed by taking
The velocity potential can be written as 
͑46͒
Since there is no physical length scale in the flow around a semi-infinite plate, there is no curvature in the trajectory of the vortex, so must be constant. Thus, ͑47͒ is essentially an equation for dr 0 /dt. Applying the condition that dr 0 /dt must be a real quantity leads to . ͑49͒
B. Discussion
The point-vortex model is valid only for r/aӶ1, that is, if the vortex in the experiment is still very small. Since quantitative data with floating particles are hard to obtain in this regime, four dye experiments have been performed with pϭ0, and different values for the initial angular velocity ⍀Ϫ⌬⍀. Before imposing the increase in angular velocity, dye was added at the upstream end of the barrier. After the start of the experiment, the dye is advected rapidly along the barrier, and detaches from the sidewall. Since some of the dye sticks to the barrier, the initial blob of dye is stretched to a thin filament ͑results of a similar visualization are presented in Fig. 9͒ . This dye filament clearly shows the position of the center of the shed vortex. The trajectories of this center, as measured from the video screen, are presented in Fig. 7 . As according to the two-dimensional point-vortex model, the trajectories are similar for all four experiments. From the data points close to the end of the barrier, one can recognize the trajectory angle of 3 2 rad predicted by the point-vortex model. However, at y/aϭϪ0.2 the vortex is deflected towards the negative x-direction. One can understand qualitatively why this deviation from the point-vortex model occurs. In the point-vortex model a potential flow around a semi-infinite plate is used. This implies that the velocity component in the x-direction decreases from the center along the negative y-axis, but always remains positive. However, according to the theoretical starting flow ͑see Fig. 2d͒ the velocity close to the intersection of the negative y-axis with the circular boundary is pointed to the left. In this respect, the lowest-order approximation for the velocity field is satisfactory for small r/a only. Beyond this range, higherorder terms can no longer be ignored, and will cause a deflection of the vortex in the negative x-direction.
According to the point-vortex model, the crucial factor determining the growth rate of the shed vortex is the proportionality constant A 0 in the series expansion ͑10͒ for the stream function. One can also evaluate the corresponding constant A 0 for other values of p by taking nϭ0 in ͑28͒. In Fig. 8 , this quantity is presented as a function of p. According to this figure, A 0 is zero for pϭϪ1 and pϭ1, which agrees with the absence of flow around a sharp edge in these cases. These data agree roughly with the relative strengths of the cyclonic vortices in the experiments. It is clear that eventually, the geometric constraints will affect the vortex as well, but in the beginning of the experiment, the flow close to the end of the barrier is determined by A 0 only.
C. Instability of the shed vortex
The point-vortex model gives a very schematic depiction of the actual flow field. In particular, the representation of the positive vorticity by a singularity in a single point is unrealistic. Moreover, the model does not describe the transport of positive vorticity from the end of the barrier to the center of the vortex. It is more realistic to picture the cy- Van de Konijnenberg, Wessels, and Van Heijst clonic vortex as a free shear layer, which is shed from the end of the barrier and curls up to a spiral. In this way one understands better why the vorticity distribution of the experimental vortex is diffuse, rather than concentrated in a single point. This shear layer can be observed experimentally by adding dye to the fluid. In all experiments described in this section, the shear layer shows a Kelvin-Helmholtz instability; in most experiments, this instability leads to threedimensional turbulence. A dye visualization of the KelvinHelmholtz instability in the shear layer is presented in Fig. 9 . This experiment concerns the spin-up from 0.37 to 0.47 rad/s; due to the non-zero value of the initial angular velocity, the flow becomes stabilized with respect to vertical excursions, so that three-dimensional turbulence is suppressed for the most part. The dye was released at 15 s after the start of the experiment. At this time, the cyclonic vortex has reached a fair size, so that its center remains undyed. The Kelvin-Helmholtz instability shows up as the wavy deformation of the separated dye line; this is particularly clear in Figs. 9d and e. Note that Fig. 9 also gives a rough impression of the trajectory of the shed vortex.
VI. CONCLUSION
In this paper, the spin-up in a circular tank with a radial inward barrier is investigated experimentally for three barrier lengths; moreover, analytical expressions for the flow immediately after the increase in angular velocity are presented. For small barrier length, the flow remains approximately azimuthal, and is similar to the flow in a circular tank without a barrier 2-5 For longer barriers, the flow breaks up in a pattern of counterrotating vortices, confirming the general picture of spin-up in a tank with a flat bottom described by Van Heijst 6 and Van Heijst, Davies and Davis. 7 Immediately after the start of the experiment, a cyclonic vortex is shed from the end of the barrier. The trajectory of this vortex has been measured with a dye visialization. These experimental data have been compared with analytical results from a pointvortex model. In the vicinity of the end of the barrier, the flow field is dominated by one of its irrotational components, so that potential theory can be used to calculate the motion of the shed vortex. At a greater distance from the barrier end, the flow can no longer be considered as irrotational, and a more sophisticated model has to be used.
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